We present experimental investigations, accompanied by numerical simulations on third harmonic generation microscopy at interfaces. In particular we study the variation of the emitted third harmonic intensity profile with the interface orientation. Our data confirm previous theoretical predications that only at interfaces perpendicular to the direction of the fundamental laser beam can the generated third harmonic profile exhibit a single spot in the forward direction. At interfaces parallel with the direction of the fundamental beam, the third harmonic intensity profile moves outside the forward direction and develops into a double-spot beam with a large opening angle. As an important consequence for implementations of harmonic generation microscopy, the numerical aperture of the double-spot third harmonic beam exceeds the numerical aperture of the fundamental beam.
INTRODUCTION
In recent years, coherent nonlinear optical microscopy evolved into a powerful tool to provide three-dimensional images of microscopic samples, even if they are transparent and exhibit similar refractive indices [1] [2] [3] . The techniques apply focused, intense, ultrashort laser pulses to drive frequency conversion processes in the sample, e.g., second harmonic generation (SHG) or third harmonic generation (THG) [1, 2] . By moving the laser focus through the sample and monitoring the intensity of the frequency conversion process, we generate a point-by-point three-dimensional image of the sample. Compared to incoherent techniques (e.g., two-photon excitation fluorescence microscopy), coherent microscopy provides well-directed signal beams and typically does not deposit energy in the sample. Due to the nonlinearity of the conversion process, the spatial resolution obtained in the signal beam is better than in linear microscopy methods (e.g., fluorescence) in the same geometry. As the nonlinear optical processes do not rely on linear properties (e.g., absorption resonances or variations in the index of refraction), coherent nonlinear microscopy enables imaging of transparent or even index-matched media. Implementations of SHG and THG microscopy require one intense, focused laser field only. They have found a rich variety of applications, e.g., in biology [4, 5] , material diagnostics [6, 7] , and microfluidics [8] . Thus, SHG and THG microscopy exhibit a rather straightforward extension, e.g., of a two-photon excitation fluorescence microscope, without the need for changes in the laser source.
Under focusing conditions, SHG and THG do not occur in the bulk of isotropic media, but at the interface of two media only. In a bulk, homogeneous medium, the Gouy phase in the laser focus leads to complete destructive interference of the generated harmonic signal. At interfaces, the symmetry is broken and a net harmonic signal is emitted. This makes SHG and THG very appropriate tools to directly image the geometrical structure of microscopic samples. We note that SHG depends upon the second-order susceptibility, which vanishes in centrosymmetrical media. THG depends upon the third-order susceptibility, which is nonzero in all media. Thus, THG microscopy permits three-dimensional, highresolution imaging of all types of media (gases, liquids, and solids), even in case of fully transparent and index-matched samples.
Previous simulations of THG at interfaces already indicated that the generated spatial intensity profiles vary with the orientation of the interface: at interfaces perpendicular to the laser beam axis, the emitted third harmonic is a single beam with a simple Gaussian intensity distribution in the forward direction. Surprisingly, on first glance, at interfaces parallel to the laser beam direction, the third harmonic emission splits in two beams with a rather large angle in between [9, 10] . Moreaux et al. observed a dobule-spot beam at interfaces parallel to the optical axes in SHG microscopy [11] . However, to the best of our knowledge, there have not yet been any experimental investigations on THG emission intensity profiles at interfaces of varying orientation, e.g., to confirm the numerical simulations [9, 10] .
We note that in previous experimental work we investigated the effect of interface orientation and linear laser polarization upon the total SHG and THG yield [12] . While the linear polarization direction plays (almost) no role in THG emission, the interface orientation strongly changes the total THG yield, as well as the possible resolution.
In the following work, we present systematic experimental investigations on spatial emission intensity profiles in THG microscopy and compare the results with our numerical simulations. In particular, we monitor the spatial intensity distribution and direction of THG signals from interfaces at varying orientations with respect to the optical axis of the driving laser beam. Moreover, our data provide information on the minimum numerical aperture required in the microscope setup to collect THG signals also from interfaces parallel to the optical axis. Simple considerations of frequency tripling predict the transversal diameter of THG emission to be a factor of p 3
smaller compared to the fundamental beam. Thus, the required numerical aperture for THG detection could be smaller than for excitation by the fundamental beam [13] . However, THG from interfaces parallel to the optical axis is emitted in cones under quite large angles. Thus, much larger numerical apertures are required in this case.
EXPERIMENTAL IMPLEMENTATION
We implement our investigations in a homemade nonlinear optical microscope (see Fig. 1 ). We apply an ultrafast titanium-sapphire laser (Spectra-Physics, Tsunami), pumped by a continuous-wave Nd:YVO laser (Coherent, Verdi G7).
The laser system provides pulses with duration 60 fs (FWHM of intensity), repetition rate 82 MHz, center wavelength 810 nm, and 1 W average output power. A galvano scanner (Nutfield, OFH-5 SQ-7) enables the deflection of the laser beam in the transversal axis (x and y axes) across the sample. A telescope images and enlarges the deflected beam from the scanner to the back focal plane of a microscope objective (Zeiss, 46 04 08, 10x∕NA F 0.22) (beam waist of 2.9 μm in the focal plane). We move the objective along the optical axis to scan the focus through the sample in the z direction. A condenser with a numerical aperture of NA C 0.65 collimates the fundamental beam and collects the generated third harmonic at a center wavelength of 270 nm. As a sample, we apply a fused silica capillary (Qsil, DA1.8DI0.15) embedded in a refractive index-matched liquid (Cargille, 50350). The capillary has an outer diameter of 1.8 mm and an inner diameter of 0.2 mm. The THG image of the capillary in the xz plane automatically contains a variation of the interface orientation from perpendicular to parallel with regard to the optical axis. Thus, the shape of this specific sample enables us to systematically investigate the effect of the interface orientation upon the THG intensity profile. In our experiments we monitored the outer surface of the capillary (rather than the inner surface). The radius of curvature at the outer surface is sufficiently large to consider the interface in the laser focus (i.e., on the scale of the Rayleigh length) in good approximation as a plane, i.e., with constant angle of orientation.
EXPERIMENTAL RESULTS
In a first experiment, we arranged the symmetry axis of the capillary in the y direction, i.e., perpendicular to the optical axis. Figure 2 shows a THG image of the capillary in the xz plane. We note that although the transparent capillary is embedded in a transparent and even index-matched liquid, we obtain a clear image of the outer and inner surfaces of the capillary. The image shows that both THG yield and emission extension are anisotropic and depend upon focusing conditions [12] . As the axial extension of the focus (i.e., the Rayleigh length) is larger than the lateral extension of the focus (i.e., of the beam waist), the extension of the ring-shaped surfaces changes with the orientation angle θ [12] .
The capillary was placed on a microscope slide, which extends in the xy plane. Also, the slide shows up in the image at positions z ≈ 0.9 mm. As an interesting feature, interference between the THG emission from the microscope slide and the capillary occurs. The interference becomes clearly visible when the slide and the capillary are sufficiently close to each other, i.e., when the oscillation period in the interference pattern is sufficiently large. Moreaux et al. observed similar interference in SHG imaging [14] .
For our investigation of spatial THG intensity profiles, we directed the laser focus to the outer surface, with the interface orientation defined by the angle θ. We determined the THG intensity profiles for a variety of different angles, i.e., from perpendicular toward parallel interface orientation with regard to the optical axis. Figure 3 shows THG intensity profiles in the xy plane for selected orientation angles θ. We provide an extended and detailed sequence of THG emission profiles versus orientation angle θ with supplementary material to this paper (see media 1). For rather small angle θ close to perpendicular interface orientation, the THG profile shows a central region with a Gaussian-like, round intensity distribution [see Fig. 3(a) ]. For comparison, the dotted circle indicates the theoretical maximum deflection of the fundamental laser corresponding to a numerical aperture NA F 0.22. In Fig. 3(a) the ratio of the 1∕e 2 diameter of the emitted THG and the fundamental beam (not depicted here) is 2 mm∕3.6 mm (≈1∕ p 3.2). This is close to the expected value 1∕ p 3 based on a simple picture of THG emission [15] . As also expected from the simplified approach, the tripled radiation is emitted in the direction of the optical axis, i.e., the axis of the fundamental beam. When the interface orientation moves toward parallel (i.e., angles θ closer to 90°), the intensity distribution changes considerably [see . In this case, the spots show the reverse behavior as discussed for angles from 0°t o 90°: the first third harmonic spot becomes less intense and disappears, and the second spot moves to the center of the fundamental beam. Fig. 3 . Normalized measured THG intensity profiles in the xy plane for different interface orientations with respect to the optical axis, determined by the angle θ in the xz plane (see Fig. 2 ). The fundamental beam propagates in the z direction. Red color indicates large measured THG intensity, and white color indicates low measured THG intensity. To guide the eye of the reader, around each THG spot we added a black line indicating the 1∕e 2 intensity of the maximum THG intensity. This area around the maxima typically contains 80 data points. The dotted circle indicates the theoretical maximum deflection of the fundamental laser corresponding to a numerical aperture NA F 0.22. We note that the center position of the single pictures slightly fluctuates due to limited precision in the positioning of the capillary and the PH. However, this has no effect upon the general characteristics of THG emission. (Media 1) Red color indicates large THG intensity, and blue color indicates low THG intensity. We choose the origin of the coordinate system in the center of the capillary. The angle θ describes the orientation of the interface (i.e., given by the normal vector) in the xz plane, i.e., with regard to the optical axis defined by the fundamental laser beam. The angle θ 0°corresponds to an interface orientation perpendicular to the optical axis. The angle θ 90°cor-responds to an interface orientation parallel to the optical axis. To indicate the experimental geometry for the determination of THG intensity profiles, we schematically depict the shape of the laser focus (red) at a specific data point in the upper right part of the image. The FWHM decreases from 30 μm at θ 0°to 2 μm at θ 90°. We provide a detailed study and interpretation of THG resolution at interfaces of varying orientation in our previous work [12] . A glass ring is attached to the microscope slide. The volume inside this setup contains approximately 3 mm of index-matching fluid with a flat surface.
In a three-dimensional interpretation of the xy cuts through the intensity profiles, THG emission at a perpendicular surface yields a signal in the forward direction only, while a parallel surface yields THG emitted in two distinct "radiation lobes." This behavior was theoretically predicted [9, 10] and confirmed by our own numerical simulations (see Fig. 4 ). The intensity distribution and the angle between the "lobes" are determined by the interface orientation. This quite surprising, upon first glance, feature of THG at interfaces is due to a phase anomaly near the focus. The Gouy phase shift yields a wave vector term, which is orthogonal to the interface. This leads to a phase matching off the optical axis, already discussed by Debarre et al. [16] . The larger the contribution of the Gouy phase shift to the phase-matching condition, the smaller the conversion efficiency. This explains the intensity distribution between the two spots in the emission profile.
The data clearly show that at interfaces perpendicular to the optical axis the required numerical aperture for THG signal collection may be smaller than for the objective, which focuses the fundamental beam [15] . For other interface orientations, the emitted beam splits in two sections with an opening angle of 20.6°, i.e., well beyond the maximum extension of the fundamental beam (opening angle 12.7°). In our setup we use a focusing objective for the fundamental beam with a numerical aperture of NA F 0.22 and observe a maximal numerical aperture of the third harmonic in the range of NA TH 0.35. Thus, the numerical aperture NA TH of the emitted third harmonic beam is substantially larger compared to the numerical aperture NA F of the fundamental beam (i.e., contradicting the simple expectation). As an important consequence, the numerical aperture of the condenser must be sufficiently large to also collect signals from interfaces at other but perpendicular orientations. We note that in some previous publications on THG microscopy, the authors could not detect surfaces parallel to the incident laser beam [17] [18] [19] . We suspect this was simply due to a too-small numerical aperture for the third harmonic, emitted from the interface in parallel orientation. Fig. 4 . Numerical simulation of the THG intensity profile I 3ω θ; φ in the xy plane for different interface orientations with respect to the optical axis, determined by the angle θ in the xz plane (compare experimental data in Fig. 3 ). Blue color indicates large calculated THG intensity, and white color indicates low calculated THG intensity. For other details, please also see caption of Fig. 3 . We calculated I 3ω θ; φ as described in Appendix A, on a grid of 100 × 100 points. The parameters in the simulation are λ 810 nm, NA F 0.22, NA C 0.65, focal length of the focusing lens f 0 16 mm, distance of detector from the focus L 17 mm, indices of refraction n ω 1.45315 and n 3ω 1.498, and beam waist at the entrance surface of the objective w 1.8 mm. The results of the numerical simulations are in very good agreement with the experimental data in Fig. 3 . propagates in the z direction. Red color indicates large THG intensity, and blue color indicates low THG intensity. We choose the origin of the coordinate system in the center of the capillary. The angle φ describes the orientation of the interface (i.e., given by the normal vector) in the xy plane. To indicate the experimental geometry for the determination of THG intensity profiles, we schematically depict the shape of the laser focus (red) at a specific data point in the upper right part of the image. For discussion of further data below we also added a tangent (dark green line) at a specific image point. The image shows a slow signal modulation along the x direction due to alignment variations in the mirror-scanning setup. In addition, we have local in homogeneities in the sample.
We performed extended simulations to determine the general variation of NA TH with NA F . The simulations show that NA TH is always larger compared to the simple expectation of a ratio of 1∕ p 3 between the beam diameters of harmonic and fundamental beams. The effect is particularly strong for small or moderate NA F . For NA F ≤ 0.4, we even get NA TH ≥ NA F (e.g., as demonstrated in our experiment). We note that these findings also affect the design of appropriate multifoci setups in THG microscopy. Multifoci approaches enable faster image acquisition by detecting the signals from an array of foci in parallel [2] . Minamikawa et al. introduced a rotating microlens array in a coherent antiStokes Raman scattering setup [20] . Kobayashi et al. used the same approach in SHG microscopy [21] to speed up the imaging process. In order to arrange many lenses in a microlens array close to each other and increase the number of simultaneously detected points in the sample, multifoci setups typically use focusing at moderate numerical aperture. Thus, correct implementation of multifoci approaches on a surface with varying orientations requires some extension compared to previous setups [22] . In particular, we require an additional imaging lens after the collimator for the third harmonic to correctly image the radiation from each single focus onto a spatially resolving detector.
In the experiment discussed above we considered the effect of interfaces, oriented perpendicular or parallel with regard to the fundamental laser beam direction. The laser propagated in the z direction, and we changed the interface orientation in the xz plane. As we are operating in three dimensions, it is also possible to change the interface orientation in other planes. Thus, in a second experiment, we arranged the symmetry axis of the capillary in the direction of the laser beam, i.e., in the z direction. In this geometry all segments of the capillary surfaces are oriented fully parallel to the optical axis and should emit THG "radiation lobes" with two intense spots [compare Fig. 3(d) ]. Figure 5 shows a THG image of the capillary in the xy plane.
For our investigation of spatial THG intensity profiles we directed the laser focus to the outer surface, with the orientation in the xy plane defined by the angle φ. Figure 6 shows a series of THG emission profiles in the xy plane for selected orientation angles φ. As expected from the geometry, all Fig. 6 . Normalized measured THG intensity profiles in the xy plane for different interface orientations, determined by the angle φ in the xy plane (see Fig. 5 ). The fundamental beam propagates in the z direction. Red color indicates large measured THG intensity, and white color indicates zero THG intensity. To guide the eye of the reader, around each THG spot we added a black line indicating the 1∕e 2 intensity of the maximum THG intensity. The dotted circle indicates the theoretical maximum deflection of the fundamental laser corresponding to a numerical aperture NA F 0.22. We also added the measured orientation of the interface (green line; compare also tangent in Fig. 5 ) and the dashed connection line between the two third harmonic spots. In the measurement, the distance of the objective to the condenser is smaller compared to the experiment in Fig. 3 . Therefore, the extension of the beam profiles is smaller compared to Fig. 3 . We also note that the slightly asymmetric intensity distribution in the two THG spots in each graph is due to a small deviation (by 1.2°) of the capillary orientation in the x and y directions from perfect parallel alignment with the optical axis. For a more detailed series of the data, see supplementary material to this paper in Media 2. images show double-spot third harmonic "radiation lobes." The orientation of the THG profile in the xy plane (e.g., as defined by a dashed connection line between the two third harmonic spots) follows the rotation of the interface in the xy plane. The angle between the connection line in the THG profile and the tangent on the interface remains constant around 90°in all images Figs. 6(a)-6(c). Thus, the "radiation lobes" are always emitted perpendicular to the interface orientation in the xy plane. This behavior was predicted by previous calculations [9] and confirmed by our own numerical simulations [ Figs. 7(a)-7(c) ]. The spot size in measured THG profiles is larger than in simulations because of smearing effects of a PH measurement (400 μm diameter, 200 μm step size) and a not completely planar surface (radius of curvature 900 μm and surface roughness). We note that we also varied the laser linear polarization and observed the same behavior for other polarization directions. Beyond the conclusion already drawn above, our results indicate possibilities to determine the orientation of microscopic interfaces by measurements of intensity distributions in THG emission profiles (rather than to record a full three-dimensional THG image of the interface).
CONCLUSION
We presented experimental investigations, confirmed by numerical simulations on THG in the case of focused ultrafast laser pulses at microscopic interfaces. In particular we studied the variation of the spatial profile of the emitted third harmonic with the orientation of the interface. We found that only at interfaces perpendicular to the direction of the fundamental laser beam does the generated third harmonic profile exhibit a Gaussian-like shape with a single intense spot in the forward direction. Only in this case, the diameter of the third harmonic is roughly 1∕ p 3 of the diameter of the fundamental beam (which would be expected from simple considerations of frequency tripling). When the interface orientation changes toward parallel with regard to the fundamental beam direction, the spatial profile of the emitted third harmonic also changes significantly. In the case of interface orientations other than perpendicular, the third harmonic intensity profile moves outside the forward direction and develops into a double-spot beam with a large opening angle (of 20.6°) between the two spots. The intensity ratio between the two third harmonic spots depends on the interface orientation. It increases toward unity for an interface parallel to the fundamental laser beam. The numerical aperture of the double-spot third harmonic beam exceeds the numerical aperture of the fundamental beam. The surprising behavior of THG emission on interfaces at other than perpendicular orientation was predicted numerically and also confirmed by our own simulations. These findings yield the following consequences for applications of THG microscopy: first, imaging of microscopic interfaces at arbitrary orientation requires THG signal collection at sufficiently large numerical aperture, i.e., beyond the numerical aperture of the fundamental beam. This effect is particularly strong for small or moderate numerical apertures of the driving fundamental beam. Second, double-spot THG emission profiles from interfaces of other than perpendicular orientation require appropriate design of the imaging optics in multifoci THG setups. Otherwise interference of emissions from different sample points with different surface orientations would occur on the detector. Third, the dependence of THG emission on interface orientation offers possibilities to determine the orientation angles of microscopic surfaces from the intensity distribution in THG emission profiles (without the need to record three-dimensional images of the full sample).
APPENDIX A: NUMERICAL SIMULATION OF THG
The common approach to describe a focused laser field is using a Gaussian beam, i.e., in paraxial approximation. In the regime of tight focusing (i.e., beyond the paraxial approximation), the angular spectrum representation is more appropriate [9, 10, 23] . We verified that for our experimental parameters the approximation of a Gaussian beam is still valid. This simplifies the mathematical description and speeds up the numerical simulation. Hence, we express the electric field ⃗ E⃗r of the driving fundamental laser beam as
with amplitude ⃗ E, wavenumber k ω 2πn ω ∕λ, refractive index n ω , wavelength λ, beam waist w 0 , and cylindrical coordinates near the focus ⃗r 0 ρ 0 ; φ 0 ; z 0 . In order to calculate the THG, we must determine the third-order polarization ⃗ P 3ω ⃗ r 0 ⃗ P 3ω ⃗r 0 ε 0 ⃗ e i χ 3ω ijkl ⃗r 0 E j ⃗r 0 E k ⃗r 0 E l ⃗r 0 ;
with the nonlinear susceptibility tensor elements χ 3ω ijkl for THG. (Here and in similar equations we use Einstein convention to indicate sums.) Usually we deal with centrosymmetrical media (e.g., amorphous glasses or liquids). Therefore, their nonlinear susceptibility of the third-order is isotropic χ 3ω ijkl χ 3ω 0 δ ij δ kl δ ik δ jl δ il δ jk . In this case, the simplified expression for the polarization reads with the wavenumber of the third harmonic k 3ω 2πn 3ω ∕λ and the refractive index of the third harmonic radiation n 3ω (≠ n ω ). In order to calculate ⃗ E 3ω ⃗r in the far field ⃗r r; θ; φ (in spherical coordinates), we use the tensor Green's functionĜ⃗r − ⃗r 0 by Novotny and Hecht [23] ⃗ E 3ω ⃗r
where ⃗n ⃗r∕j⃗ rj denotes the unit vector in the far-field direction and G 0 4πr −1 expik 3ω r · exp−ik 3ω ⃗n · ⃗r 0 is the scalar Green's function. The integration includes the focal volume V .
For simplified handling we transform the vector ⃗ E 3ω from Cartesian to spherical coordinates by multiplying with the transformation matrix T: 
The total output power Q 3ω and the angular intensity
